Including the range of a rational function over an interval is an important problem in numerical computation. A direct interval arithmetic evaluation of a formula for the function yields in general a superset with an error linear in the width of the interval. Special formulas like the centered forms yield a better approximation with a quadratic error. Alefeld posed the question whether in general there exists a formula whose interval arithmetic evaluation gives an approximation of better than quadratic order. In this paper we show that the answer to this question is negative if in the interval arithmetic evaluation of a formula only the basic four interval operations +; ; ; = are used.
Introduction
In numerical computations one often wishes to compute the interval f(I) for a given continuous or rational function f and a given closed interval I such that f is dened at all points in I. Since in general the exact computation can be dicult or very costly one is often content with \including the range" of f over I by computing an interval J which contains f(I) and such that the dierence set J nf(I) is small. This is a central theme in interval arithmetic, which started with the book [9] by Moore. For interval arithmetic in general see also Moore [10] , Alefeld and Herzberger [4] , and for range enclosure see also Hansen [7] , Krawczyk and Nickel [8] , Cornelius and Lohner [6] , Ratschek and Rokne [12] , Neumaier [11] , Alefeld [3, 2] and many more. Interval arithmetic provides the following approach to this problem (precise denitions of all notions used in the introduction will be given in Section 2). If F(x 1 ; : : : ; x m ) is an arithmetical Department of Computer Science, University of Auckland, Private Bag 92019, Auckland, New Zealand, E-mail: hertling@cs.auckland.ac.nz y This is an updated version. The original appeared on January 2, 1998. 1 expression in the variables x 1 ; : : : ; x m , furthermore using some or all of the symbols +; ; ; = , the brackets (, ), and symbols for real constants, then F denes a rational function F IR on the reals in the obvious way. It denes also a function F IIIR mapping intervals to intervals when +; ; ; = are interpreted as functions on intervals. It is important that the interval F IIIR (I) contains the interval F IR (I) i f F I IIR (I) is dened. But for most expressions F the interval F IIIR (I) i s m uch larger than F IR (I): usually the error is linear in the width of the interval I. However, locally one can do better: given a rational function f and a point z at which f is dened, one can always nd an arithmetical expression F such that for any small enough interval I containing z the interval F IIIR (I) contains f(I) and such that the error is at most quadratic in the width of I. These are the so{called \centered forms" and similar forms like the \mean value form", compare Moore [9] , Alefeld and Herzberger [4] . Is it possible to achieve in this way an approximation with an error of smaller than quadratic order? That means, is it possible to nd in general an arithmetical expression F such that its interval evaluation F IIIR with input I yields an interval F IIIR (I) which approximates f(I) better than quadratically in the width of I? This question was posed explicitly by Alefeld [2, page 63] . It is the purpose of this paper to give a negative answer to this question. Of course, it is well known that in a restricted sense one can give a positive answer to this question in special cases, using so{called \higher order centered forms" (Cornelius, Lohner [6] , Alefeld, Lohner [5] , Alefeld [3] ). We shall discuss this in Section 5.
We give a short overview over the paper. In the following section we introduce some notation and provide precise denitions from interval arithmetic as well as fundamental results as far as they are important for this paper. In Section 3 we formulate the main result and simpler versions of it. Section 4 consists of the proof of the main result. We conclude the paper with remarks about higher order forms and about further, related problems.
Prerequisites from Interval Arithmetic
In this section we i n troduce some notation and fundamental notions and results from interval arithmetic. General references are Moore [9, 10] and Alefeld and Herzberger [4] .
By IR we denote the set of real numbers. Often for a given continuous or rational function f and an interval I (or an interval vector I) such that f is dened at all points in I one wishes to compute the interval f(I). Since in general the exact computation can be dicult or expensive one is often content with computing an interval J which contains f(I) and such that the dierence set J n f(I) is small. This \smallness" is Rational functions are dened via arithmetical expressions. These are dened recursively. We assume that we h a v e an innite set V = fx 1 (trivial in view of Proposition 2.3: the width itself of the computed interval F IIIR (I) is linear in the width of I) is realistic for a direct interval arithmetic evaluation of an arithmetical expression. Is it possible to nd better approximations? Locally this is possible via the so{called centered forms, introduced by Moore [9] , and since then extensively treated; for a presentation of the development up to 1984 see Ratschek and Rokne [12] . We formulate a version for dimension one. The \quadratic order property" in the following proposition was conjectured by Moore [9] and rst proved by Hansen [7] . A proof of the following result can be obtained by using Proposition 2. Informally speaking, at least locally, at an arbitrary point, there always exists an arithmetical expression which leads to a range enclosure with a quadratic error for intervals containing this point. In fact, it is not necessary to take a n arithmetical formula H such that the combined formula F (as in the proposition) has the property F IR (y) = f(y) for all y 2 D, i.e. such that the combined formula F gives exactly the rational function. Instead, one can also take simpler expressions H, for example an expression given by the mean value theorem (Moore [9] , Alefeld, Herzberger [4] ).
Above w e h a v e formulated a version of the result about the centered form where we h a v e xed a point z. One can also choose the \center" of the centered form in dependence of the given interval I (it does not have to be the midpoint o f the interval). This leads to a class of arithmetical expressions with an additional parameter or to a more general notion of an arithmetical expression. Here we are more interested in another question: is it possible to approximate in this way the range of a function with an error of smaller than quadratic order? This is indeed possible in special cases. In fact, sometimes the interval arithmetic evaluation of an arithmetical expression leads even to the exact range of the function over an interval; compare Alefeld [1] and Stahl [13] . Other special cases are given by the higher order centered forms by Cornelius and Lohner [6] , Alefeld, Lohner [5] , Alefeld [3] , and others, which, however, require more general kinds of arithmetical expressions. We shall come back to this in Section 5. In the following two sections we shall formulate and prove a result which gives a negative answer to the above question when we i n terpret it strictly by using arithmetical expressions and their interval arithmetic evaluations as they have been introduced so far.
The Main Result
The following theorem is the technical main result of the paper. The proof will be given in the following section. The most important case is the case n = 1. By taking n = 1 and " = 1=2 one obtains the following simplied version. . In Section 5 we will shortly explain how by using an extension of the notion of an arithmetical expression one can give a positive answer in special cases.
We h a v e formulated these negative results only for dimension one. It is clear that one can apply them also to multivariate functions by considering the partial derivatives in one direction.
Proof of the Main Result
This section contains the proof of Theorem 3.1. We shall use the following notation: for two functions f : IR ! IR and g : IR ! IR w e write f() 2 o(g()) : there exists a c > 0 such that f and g are dened at each point i n ( 0 ; c ), and g() 6 = 0 for all 2 (0; c ), and lim x&0 f(x)=g(x) = 0 : Before we give the detailed proof of Theorem 3.1 we s k etch the idea for the case n = 1. The basic observation is that interval addition is a \symmetric" operation in the following sense: If I 1 and I 2 are intervals with centers z 1 and z 2 , then I 1 + I 2 is an interval with center z 1 + z 2 . The corresponding statement is true for subtraction. For multiplication (and division) it is not exactly true but at least in a restricted sense: if for i 2 f 1 ; 2 g the interval I i either has center z i = 0 or is a \small" interval \far away" from 0 with center z i , then I 1 I 2 is an interval whose center is \close" to z 1 
From (1) and the assumptions in Theorem 3.1 we conclude Cornelius and Lohner [6] , Alefeld and Lohner [5, 3] , and others have shown that in special cases there exist so{called \higher order centered forms" which give better than quadratic approximation. Why does this not contradict our main result? The answer is that for these higher order centered forms one does not consider only arithmetical expressions F and the interval arithmetic evaluation F IIIR as dened in Section 2. Instead of allowing only the basic four interval operations induced by the real operations +; ; ; = , one uses also interval functions induced by more complicated functions like x k for some k 2 (compare Alefeld and Lohner [5, 3] ) or of even more complicated rational functions (compare Cornelius and Lohner [6] ). For example the real function 
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We might extend the denition of an arithmetical expression by s a ying that also t 2 is an arithmetical expression if t is an arithmetical expression. If H(x) i s a n arithmetical expression as dened in Section 2 and z is a point at which H IR is dened, then for an arbitrary c 2 IR the extended arithmetical expression for all suciently small intervals I containing z, compare Alefeld and Lohner [5, 3] . The last remark leads to another problem: to characterize which \basic" interval operations are necessary and sucient such that the interval arithmetic evaluation of extended arithmetical expressions containing these operations yields the exact range for certain rational functions over intervals, | at least locally. Certainly, our main result can be generalized to certain larger classes of interval operations. More generally, one can analyze the following question not only for the class of interval operations f+; ; ; = g but also for larger classes: how well can one approximate the range of a given rational function over an interval by i n terval arithmetic evaluation of appropriate arithmetical expressions by using basic interval arithmetic operations from a given class? Which classes of basic interval operations are useful?
